EFFICIENT ADAPTIVE MESHING
IN FINITE ELEMENT METHODS USING GRAPH NEURAL NETWORKS
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- Reliable simulation enabling “certification by analysis”;

- Global FEM market forecast: £10 billion by 2033;

° 2

Finite Element Methods (FEM): Powering Modern Simulation

» Most widely used numerical methods for solving PDEs in science and engineering;
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Our novel approach achieves 25 X speed-up and significantly lower error.
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G-Adaptivity: efficient Al-based mesh relocation

ree main G-adaptivity components:
I. A stable, easy-to-train and low-cost diffusion based graph neural network diffformer;

I. Training with a differentiable FEM solver for direct optimisation based on the FEM error;

i. An Equidistribution Regulariser.
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5%-40% of development cost in new engineering products
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Figure 1: Example of G-Adaptive mesh.
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— efficiency is paramount for accelerating innovation.

Central ingredient: Solution quality depends on mesh Z and corresponding FEM basis space.

Goal in relocation-based (r-adaptive) meshing is to minimise t

The key evaluation metrics in this problem are mesh relocation time and FEM error reduction.

It all starts with the mesh...

he solution error

min E(Z,Uz), where &(Z,Uz) = Uz—uHLQ(Q).
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28.74% Error reduction 39.99% Error reduction

ard mesh
(Conventional - 5183ms) (G-Adaptivity - 120ms!)

Solution field Stand

FEM cost: 251ms
Figure 2: Performance comparison of conventional and modern relocation techniques.
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Al-Driven Adaptive Meshing for Fluid Flows

The model:
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Navier-Stokes equation
Model Error Red. (%) Time (ms) S (AR
. '#IT#;#;:TEE;?T*"*“L“"':‘.;::#'I‘é;i;%#g#:*
' 5 T
Conventional (MA) NA - R IARRRRSRRRCARR
Prior-Al 1.34 = 0.57 Ly
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G-Adapt

Insights: Delivers ~26% error reduction at neural-network speed with negligible overhead, making adaptive computational fluid dynamics (CFD) viable in practice, even when conventional methods fail.

Represent mesh as graph:

Deformation mechanism:

Training mechanism:

Bridging Geometric Deep Learning and Finite Elements

Mesh with points Z = {z; i]\il induces a graph (), &):
YV =2Z, E = {(ZZ',Z]') ‘ JA € MeSh,Zi,Zj - A}

Node features x; contain coordinates, source/solution information.

Update features on each graph vertex:

(Xf, (2,7 € 5))
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Interface between advanced Python frameworks: machine learning and FEM.
O PyTorch & Firedrake
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The diffformer architecture

Graph Neural Diffusion: At each layer, node positions evolve via:
Z(1) = (Ag(X") = DZ(7), Z(0) = 2",

which is solved to time Tenq to yield Z**1.

Mesh Update Operator (Diffformer): The G-adaptive relocation operator is composed of multiple

blocks, updating both geometry and features:
ot
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Figure 3: Graph diffusion pulls nodes in learned direction inside the convex hull of their neighbours.

Equidistribution Loss Regulariser

We introduce also the equidistribution regulariser:

Loqi(Z)= ) ‘/ “m(x)dx —
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reducing variation against the average monitor distribution = |7~ > | AG) M(T)d.
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Tracking shock formation in Burgers’' equation

The model:
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- Trains for optimal meshes for a chosen time-
stepping method.

Velocity field at t=0.6

Velocity field at t=0.2

- Naturally incorporates remeshing frequency.

N
Viscous Burgers’ equation
Model Error Red. (%) Time (ms) R
Conventional (MA) 2578 = 0.00 18884
Prior-Al -11.24 = 2.52 314
G-Adapt 27.17 1 0.34 717 MA mesh at t=0.2 MA mesh at t=0.6

Insights: Enables accurate shock-resolving simulation
~ 25X faster than classical moving-mesh methods.

G-Adapt. mesh at t=0.2 G-Adapt. mesh at t=0.6

Figure 4: Accurate tracking of the shock front.

Advantages of the G-Adaptivity approach

- Guaranteed high-quality meshes: no tangling and high mesh regularity assured;
- Lightweight architecture: easy to train and fast to evaluate (all experiments possible on laptop).
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Impact and Future Directions

- Our G-Adaptivity framework performs mesh relocation at roughly 50% of FEM cost, making adap-
tive meshing viable for real-world engineering (e.g. aerospace) simulations for the first time.

- Fast, stable, and fully compatible with existing FEM infrastructure, G-Adaptivity enables routine
Integration of relocation-based adaptive meshing into existing workflows.

- Future Work: Adaptive meshing on surfaces (Planet Earth) for weather and climate modelling.
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